Journal of Optimization Theory and Applications
https://doi.org/10.1007/s10957-024-02496-1

n

Check for
updates

Observer-Based Feedback-Control for the Stabilization of a
Class of Parabolic Systems

Imene Aicha Djebour’ - Karim Ramdani’ - Julie Valein'

Received: 10 July 2023 / Accepted: 5 July 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2024

Abstract

We consider the stabilization of a class of linear evolution systems 7’ = Az-+ Bv under
the observation y = Cz by means of a finite dimensional control v. The control is based
on the design of a Luenberger observer which can be infinite or finite dimensional (of
dimension large enough). In the infinite dimensional case, the operator A is supposed
to generate an analytical semigroup with compact resolvent and the operators B and
C are unbounded operators whereas in the finite dimensional case, A is assumed to be
a self-adjoint operator with compact resolvent, B and C are supposed to be bounded
operators. In both cases, we show that if (A, B) and (A, C) verify the Fattorini-
Hautus Criterion, then we can construct an observer-based control v of finite dimension
(greater or equal than largest geometric multiplicity of the unstable eigenvalues of A)
such that the evolution problem is exponentially stable. As an application, we study
the stabilization of the diffusion system.
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1 Introduction and Main Results
Given b € L?(0, 1), consider the one-dimensional controlled heat equation

0:7(t, x) = 0yxz(t,x) + b(x)v(t), t >0, xe(0,1),
8xz(ta O) = 07 Z(ta 1) = 07 (1.1)
2(0) = 2°.

Obviously, the open-loop system (i.e. for v = 0) is exponentially stable, with a decay
rate defined by the smallest eigenvalue of the underlying operator describing the free
dynamics (namely the positive definite self-adjoint operator —d,, with Neumann
boundary condition at x = 0 and Dirichlet boundary condition at x = 1). Based
on the observation

1
y(@) = / c(x)z(t, x) dx, (1.2)
0

where ¢ € L%(0, 1), a natural question that arises is to know whether it is possible
to design a finite dimensional feedback control v, such that the closed-loop system
(1.1) is exponentially stable with an arbitrary prescribed decay rate o > 0. In a
recent work, a positive and constructive answer to this question has been proposed by
Katz and Fridman [13], using an observer-based feedback control. More precisely, the
authors proposed feasible design conditions for the construction of such controls for a
more general 1D reaction-diffusion equation with variable coefficients (i.e. for a free
dynamics described by an operator of the form 9, (p(x)dy-) — g(x)-).

In this paper, our objective is to generalize this result to a large class of parabolic
systems, possibly multi-dimensional and involving unbounded control and/or obser-
vation operators. More precisely, given three complex Hilbert spaces H (the state
space), U (the control space) and Y (the observation space), consider the linear infinite
dimensional system

7'(t) = Az(t) + Bu(t),
z(0) = ZO’ (1.3)
y(t) = Cz(1),

where A : D(A) — H is an unbounded operator, B € L (U, (D(A*))’) and C €
L (D(A),Y). Given o > 0, the goal of this paper is to prove the existence of an
observer-based control v such that the solution of (1.3) is exponentially stable, with a
decay rate —o':

Izl < Me™"(|2% .
We will investigate two classes of infinite dimensional systems of the form (1.3). For
the first one, the observer-based feedback is constructed using an infinite-dimensional

observer (IDO). For the second one, under strongest assumptions on A, B and C,
we design a finite dimensional observer (FDO) to construct the feedback control.
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Of course, a finite dimensional observer can be considered as a particular case of
infinite dimensional observer, but the former is much more interesting for computa-
tional purposes (and, clearly, more challenging to design). For instance, if the system
(1.3) describes an evolution PDE (like the Reaction—Diffusion equation of Sect. 4),
constructing an infinite dimensional observer requires to solve an evolution PDE,
corresponding to the observer (1.7). On the contrary, the finite dimensional observer
described by (1.10) is simply a set of evolution ODE. As one might expect, the proofs
to get these two results use different techniques.

We will consider the two following sets of assumptions on A, B and C (below,
p(A) denotes the resolvent set of A):

o Infinite-Dimensional Observer (IDO)

A is an operator with compact resolvent generating an analytic semigroup on H,
(HL.A)

(uoId—A)"7B € L(U, H) is a linear bounded operator for some y € [0, 1)
(H1.B)

and po € p(A),

C(uold —A)*}7 € L(H,Y) is a linear bounded operator for some 3 € [0, 1)
(H1.©)

and po € p(A),

Ve € D(A*), VA€ C, ReA > —0, A*s=xe and B*¢=0 — &=0,
Ve e D(A), VA€ C, ReA > —0, Ae=Xte and Ce =0 = ¢=0.

(H1.D)
e Finite-Dimensional Observer (FDO)
A is a self-adjoint operator with compact resolvent, (H2.A)
B € L(U,H), (H2.B)
CeLHY), (H2.0)

Ve e D(A), VAeR, A > —0, Aes=Aie and B*¢ =0 = =0,
Ve e D(A), VAeR, A > -0, Ae=ie and Ce =0 = &=0.
(H2.D)
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In this work, we provide a generalization of the result obtained in [13] for a class of
parabolic systems. First, in Sect. 2, we consider the case of an infinite dimensional
observer (IDO). More precisely, we prove Theorem 1.1: we split the system (1.3) into
two parts in the same spirit as [2, 3], one part corresponds to the unstable modes of A
that defines a finite dimensional system and the other part is the infinite dimensional
system corresponding to the stable modes of A. Using (H1.D), we construct a Luen-
berger observer in the spirit of [16]. We prove the stability of the closed loop system
since the state, the observer and the error define all together a triangular system. In
Sect. 3, we deal with the case of the finite dimensional observer (FDO) and we prove
Theorem 1.2: here, A is supposed to be a selfadjoint operator with compact resolvent.
Hence, the projection operator defined in (1.5) becomes orthogonal. The first step will
be also to split the system and to construct a finite dimensional observer using (H2.D)
in the spirit of [13]. The challenge here consists to prove the stability of the observer,
the error and the state that define a strongly coupled system this time. To deal with this
issue, we show that it involves a Volterra type equation that can be solved by using a
fixed point argument, the mapping defines a contraction if the observer dimension is
large enough.

It is worth mentioning that assumption (H1.D) (and its counterpart (H2.D) in
the self-adjoint case) is the well-known Fattorini-Hautus criterion for exponential
stabilization (see [3, 8, 10]).

For every v > 0, we set

SFi={ij€0(A) |Rer; = —v}, 7 :={%j €0(A)|Rer; <—v}, (1.4)

where o (A) is the spectrum of A. Condition (H1.A) in the IDO case and (H2.A) in
the FDO case imply that X describes a finite set. We define the projection

1
+_ e - _1d4_pt
P = i /rj(; Id—A)"" dg¢, P, Id—-P, (1.5)

where '} is a curve enclosing ;7 but no other point of the spectrum of A and oriented
counterclockwise (see [12, V.5, p.272] ). We set

Af .= AP, BF=pPFfB, Ccf.=cf

where L]jf is the embedding operator from Hf = PUiH to H. Finally, we denote by
Q;F the orthogonal projection from Y onto Y := C P,FH.
We are now in position to state our main results in the (IDO) and (FDO) cases.
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1.1 Infinite-Dimensional Observer (IDO)
Theorem 1.1 Leto > 0 be given and assume that assumptions (HI1.A), (HI1.B), (H1.C)

and (H1.D) hold true. Then, there exist two operators K} € L(H, B*(P;")*H) and
L} € L(CP;FH, P;rH) such that the observer-based feedback control defined by

() = K 2(0), (1.6)
where the infinite dimensional observer Z solves

Z/(t) = AZ(t) + Bvu(t) + LE QF (CZ(r) — y(1)),

2(0) = 0. 1.7

ensures that for any z° € H, the solution z of the closed loop (1.3—1.6-1.7), that is

7/(t) = Az(t) + BKZ(1),
2(0) = 2°,

satisfies
lz@lm < Me™ 1201w, V1 > 0. (1.8)

To prove this result, we introduce the error e := z —7Z and we check that systems (1.3)

and (1.7) yield
z2\' (A+BK}) —BK} z
e] 0 A+Lrorc)\e)"

The result follows then by choosing the operators K and L.} in such a way that both
A+ BK} and A + L} QF C generate analytic semigroups with decay rate less than
—o . This is achieved by solving two Riccati equations, using the method proposed by
Badra-Takahashi [2] (for K) combined to a duality argument (for L}).

1.2 Finite-Dimensional Observer (FDO)

In this case, the stabilizing control is based on a finite dimensional observer of size
o* > 0, where 0* > o and need to be chosen large enough (see 3.19).

Theorem 1.2 Leto > 0 be given and assume that assumptions (H2.A), (H2.B), (H2.C)
and (H2.D) hold true. Let K € L(H, B*P;}H) and L} € L(C P, H, P} H) be the
operators defined in Theorem 1.1. Then, there exists c* > o such that the observer-
based feedback control defined by

v(t) = K Z.(t) € B*P,H C B*PLH, (1.9)
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where the finite dimensional observerZ, € P:}]HI solves

ZL() = ALZ(0) + BLo() + LT OF(CLZu (1) — y(1)).

20 =0 (1.10)

ensures that for any z° € H, the solution z of the closed loop (1.3-1.9—1.10), that is

Z/(1) = Az(t) + BKSZ. (1),
2(0) = 2,

satisfies
lz@lm < Me™ 120 lm, V1 > 0. (1.11)

To prove this result, we proceed as follows. Introducing the auxiliary variables

~ Z
e=7z5 -7, X=<g>,

we show that the equations satisfied by the state z and the observer 7, yield

X'(1) = AX(1) + L(z,. (1)), (112
(z;.)' (1) = ALz, (t) + BLKIX(), :

where

A= (A:' * ook +_L; Qs Co- + ) L(z,) = CLJQ?CZE‘
0 AL+ LFOFC o LEotCz .,

o “o*

), K} = (K}, 0).

We prove then that the matrix exp(A) is exponentially stable with a decay rate less
than —o. Next, thanks to the first equation in (1.12), we use Duhamel’s formula to
express X in terms of z_.. Plugging the obtained relation in the second equation of
(1.12), we obtain an integral equation for z .. We use a fixed point argument to prove
the well-posedness of this integral equation in the weighted space

L0, 00; H ) := {f € L*(0, oo; H_,) such that e“V £(-) € L0, oo; H_)}.

This provides the expected result, that is the exponential decay of the controlled system
with a decay rate less than —o.

1.3 Related Works

The output feedback stabilization of linear and non linear time-invariant systems has
been extensively studied in the last decades. For finite dimensional systems, we refer
the interested reader to the survey [21] where necessary and sufficient conditions are
given. In the infinite dimensional case, sufficient conditions can be found for instance
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[7, Chapter 5] using Luenberger observers for the design of compensators. In particu-
lar, for bounded observation and control operators, such sufficient conditions are the
exponential stabilizability and exponential detectability of the system (A, B, C). A
complete list of references and new necessary and sufficient conditions can be found in
the recent work [25]. As already mentioned, the closest reference to our work is [13],
in which the authors considered the case of a one dimensional heat equation. Their
strategy is based on a (modal) splitting of the system into two parts: a finite dimen-
sional unstable one and a stable infinite dimensional one. A Luenberger observer of
large enough dimension is then constructed and the stability of the closed loop sys-
tem is proved using a Lyapunov function. Contrarily to the proof proposed here, the
arguments used in [13] are valid only in dimension one and heavily rely on the type
of the considered equation. Let us also mention that in [14], the authors used a similar
approach to prove the stabilization of a one dimension convection diffusion equation
in the case of a boundary control. The use of modal splitting for the stabilization of
infinite dimensional systems has also been achieved in some specific settings, like
Burgers equations [5, 22, 23], Navier—Stokes system [2, 3, 9, 18, 20], semi-linear
wave equation [6] and population dynamics [16, 17].

1.4 Outline

In Sect. 2, we prove Theorem 1.1, which provides the stabilizing observer-based
feedback-control through an infinite dimensional observer. In Sect. 3, we construct a
finite dimensional observer to design a similar feedback-control. For this case, we need
to assume that the operator A is self-adjoint and the control and observation operators
are bounded. Finally, in Sect. 4 and in Sect. 5, these abstract results are applied to
obtain a stabilizing control for Reaction—Diffusion systems. The paper ends with a
brief concluding section.

2 Infinite Dimensional Observer

2.1 Spectral Decomposition of the System

In this section, we suppose that assumptions (H1.A), (H1.B), (H1.C) and (H1.D)
hold true. We consider below a classical modal decomposition (it has been used, for
instance, in [2, 3, 9, 20]) that we recall it for the sake of completeness. Let o > 0.

We first separate the spectrum of A into “unstable” and “stable” modes using the
projection P, defined in (1.5). We set

HY = PYH, H; =(d-P,HH, H=HoH,.
According to this projection, we set

Al = At Hf — H, A := A : D(A)NH, — H,.
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Then the spectrum of A} is exactly £} and the spectrum of A is exactly X where
=) and X are defined in (1.4). We denote by A* the adjoint operator of A and we
define similarly the projection (P;)* such that

(P = —i /F;(g 1d—-A%""de. Q2.1
The projection (2.1) provides also the following spaces
(H)* = (PH™H,  (H,)* = 1d—(P,)MH, H= H)" & H,)", (2.2
with

(A" = Ajlgry, - (D= ()", (A" 1= Ay - 1 DA™ N (H)™ — (H)™

Lemma 2.1 There exist ¢ > 0 and M > O such that for any § > 0,t > 0

At —(o+e)t _ A8 ,ACE M —(o+e)t

elo < Me , H Id —A>)°%e“s < Ze ,
H LOHD) (ro o) casy 1

(A;)%t < Me—(@tor H Id — (A=)*)0 (A5 < M —(o+ex
e e , e =e .
H s S (nold —(A;)) cs S P

(2.3)
Proof We detail the proof only for the operator A_, as the arguments for its adjoint

are similar. The first inequality is obvious. Concerning the second one, we first note
that
o

(moTd —A ) ehe! = (uo1d —A;)° (A7)0 (A5) et

Applying [15, Corollary 6.11] with B = (1oId —A )%, A = A> and x = (A;)*‘S y,
for y € H, we obtain that for some constant positive C,

_ —\—6 —
[(wotd=a2) (47) | < Clvla, vy eHy,
and thus

H (nold—4,)" (A;)ia Hz(H—) S

Consequently,

H (nold —AS)PeAs! A7) et

L(H) H( o

ey < |1 =A0" (42)”|

L)
and the desired estimate follows then immediately from [15, Theorem 6.13]. O
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We also define
Uf == B*H)*, U, := B* (D(A") N H,)"),
and
pr:U—-Uf, p,:U—>U,, if:Uf—>U, i/ :U, -0,

the orthogonal projections and the inclusion maps. Note that we have the following
relations for the above maps:

if=mhH* iy =) (2.4)
From [20], we can extend P, and (Id — P,) as bounded operators
P} e L(D(AYY, H}), (d-P))e LDAY, [DAY N H;)]).
We can thus define
B := P Bij € L(US,H), B, :=(1d—P,)Bi; € LU, [D(A*) N H,)*]).
We show as in [2, 3, 20] that
PYB=Bfp;, (d—P}B=Bp,.

Using the projections P;t and Id — P, system (1.3) can be split into the two sub-
systems (see [2, 3, 20]):

D)) = AfzE () + B pfu®), z5(0) =Pt 2.5)
(z;)/(t) = Az, (1) + B pyv(t), z,(0)=(Id—PZ". (2.6)

We also introduce the orthogonal projections QF from Y into Y} = CH and we
define

ch=cdg,

where ¢ designates the injection operator from H}" to H. We are now in position to
prove Theorem 1.1.

2.2 Construction of an Infinite Dimensional Observer-Based Control
Let us consider first the system

7' (t) = AZ(t) + Bu(t),

7(0) = 2. 27
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We want to construct a finite dimensional vector u such that the system (2.7) is expo-
nentially stable. Let N, € N* and (w i<j<nN, C U, and let us suppose that the
control u(t) is of the form

No
u(t) =Yy ujwj,
j=1

where u;(t) € C, for 1 < j < Ny and ¢ > 0. It is natural to introduce the mapping
Ny
B:CV — DAY, O =0, ,0n,)— BO =) 0;Buw,
j=1

in such a way that setting
u(t) = (Ml(t)9 T uNa' (t))a

system (2.7) is equivalent to

() = AZ(t) + Bu(z),

2(0) =30, 2:8)
It is worth noticing that the adjoint B* € L(D(A*), CNv) is given by
By = ((wn, BY)u, - (o, BY)u),
Using the projection P, we get that (2.8) is equivalent to
@' = AFZH ) +Biu@), ZHO) = PfZ°, B =PSB, 29

@) () = A7, () +Bu@), Z,0) = P70, B =P8,

where ZX = PZ7Z. We need to show that the finite dimensional part (2.9); is exactly
controllable. Let

Ny > max ¢, (2.10)
Rekrj=>2—0o

where £; is the geometric multiplicity of the eigenvalue A ; of the operator A. From
[2, Theorem 5] and the first condition in (H1.D), there exists a family (w;)1<j<n, C
[U;L C U such that (2.9); is exactly controllable. Moreover, it is proved that u is
expressed by means of a linear feedback operator

Ny No
u=KSZ KF()=-) (w;. B'IPS (yw; = — Y (B*(IPF()))jwj.
j=1 j=1

@2.11)
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where IT € [,(H;r, (H:;)*) is the unique solution of the algebraic Riccati equation:
forall§,¢ € Hj

(& Om+ (Af + o 1d)g, TIE)w + (TTE, (Af 4+ 0 1d)¢)n
= >N (B*TIE, w))u(B*TIE, w)y =0, 2.12)
(M, ¢)m = (6, TI¢)m,  and V& # 0, (TIE, &)m > 0.

It is well-known (see for instance [7, page 292]) that this Riccati operator is strongly
related to the standard LQR problem with infinite horizon. In particular, this choice
ensures that the solution of the finite dimensional system (2.9);

GH'(1) = ATZE (1) — BB (TP Z1))),
is exponentially stable i.e.
IZE Ol < Me NP0y, > 0.

It follows from Duhamel’s formula that the whole system (2.9) is exponentially stable
(see [2]). We can construct L7 similarly considering the system

Z, (1) = A*Z,(1) + CruL (1),
> 2.13
Using similar arguments and the second condition in (H1.D), we show that there exists
a family (w’)1<;<n, C Y4 such that

No No
e = LZh, L) ==Y (W}, CTL(PH* O)yw} = — Y (€5TL(P)* () jw],
j=1 j=1
where
No
¢ :CN — DAY, ©= (61, .0n,) — €O =) 0;Cw},
j=1

where T1, € L((H)*, HY) is the unique solution of the algebraic Riccati equation:
forall &, ¢ € (H})*

(&, O + (AD* + 0 1DE, TLOE + (TLE, (AD* + 0 1d)0)m
— Y (CTLE, w))y (CTLE, w))y =0, 2.14)
(TL&, O)m = (6, TLo)m,  and  VE #0, (TLE &)r > 0.
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Hence, we define

No
LEG =L ==Y (). Jvx (2.15)
j=1
with
Xj = P;H*C*w; e H}. (2.16)

With this choice, we get that (A + L} C)* and hence A + L} Q C are exponentially
stable with decay rate less than —o. Finally, using K" and L} we construct the
observer 7 satisfying (1.6-1.7), that is

Z(1) = AZ(t) + BKZ(t) + LY QX (CZ(t) — y(1)),

2(0) = 0. @.17)
2.3 Stability of the Closed-Loop System
We define the error ¢ = z — 7. Then, we obtain
¢ =(A+LIQIC)(r),  e(0)=2", (2.18)

7(t) = (A+ BK)z(t) — BKfe(t), z(0) = 7°.

We prove that e is exponentially stable with decay rate —o.

Proposition 2.2 Systems (2.17) and (2.18) are exponentially stable with decay rate
—o.

Proof Since (A + L} Q}C) is of negative type strictly less than —o, then there exists
0 < &” < & such that

le@lle < Me™" O+ . (2.19)

Going back to system (2.5) with the control given by (1.6), we have, since Kz, = 0,
0
@) = (Af + Bf KNzl (1) — B Kfe), z1(0) = Ptz

Moreover, there exists ¢ > 0 with ¢’ < & < & such that (AT + BJK}) is
exponentially stable with rate —o — &’. We have

t
(1) = A TBI K p o0 / e IATHBIKD) Bt Kt o(5)ds.
0

From (2.19), we see that

Iz ()l < Me™" D)1 20| . (2.20)
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We deal now with the infinite dimensional part z_ of the state. From (2.5) with the
control given by (1.6), we have

() (1) = Agz5 (t) + By py K zh (1) — By py Ke(t), z,(0) = (Id —P,)Z°.

Using Duhamel’s formula, we obtain that

t
7, (1) = (1d—PHz" + /0 U4 B p K (25 (5) — e(s)) ds.

We note that since the resolvent commutes with the projection P;% and e’~94+, we
obtain for g € p(A) and y € [0, 1),

=94 B = =9 (o 1d —A)” (Id — P\ ) (uo Id —A) 77 Bi;;
= e (uo1d —A;)’ (d —P;))(nold —A) Y Bi;  (221)
= (nold —A;) =94 (Id — P}) (uo Id —A) ™7 Bi; .

Using (H1.B), (2.3), (2.19), (2.20) and (2.21), we get

t
”Z;(I)HH < M”ZOHH (et((r+8) +/ e—(t—s)(d-l—s)e—s((r-l-s ) dS)
0

(1 —s)
1

< Me—t(a+e”) 0 l+/
120 (14 | =557

(2.22)

e(tfs)(s”fs) ds) ]

Then, since ¢’ < &, we obtain
lzg )l < Me™ 01201, (2.23)

Then from (2.19), (2.20) and (2.23), we obtain that z, 7 and the error e are exponentially
stable. O

That concludes the proof of Theorem 1.1.
Remark 2.3 According to (1.6) and (2.11), the control reads

No
v(t) = ZKi (?:) w;,
i=1

with K; € L(H},C) and w; € Uf,i = 1,..., N,. From the decomposition (2.2)
and the fact that (H))* = (H)*, we have that if ¢ € (H})*, then
Vo e HY, (¢, 0)y=0 = ¢ =0.

Since dim ( (Hj)*) = dim L(H}, C), we infer that there exists a unique ¢; € (H)* C
D(A*) such that

Ki(Zf)=@ t)m-
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In other words, the control can also be written in the form
No
v(t) =Y (@ Gdmwi.
i=1
In the special case where there is only one unstable simple eigenvalue (with an

eigenspace spanned by an eigenfunction ¢; € H), the above relations take simpler
forms. Indeed, we have then

w] = B*El,
and forall ¢ € Hj = Span{e }:

Ki(p) = —(B*e1, B'IPS @)y = (61, @)ty s 61 = —(P)* TIBB 1.

3 Finite Dimensional Observer
3.1 Spectral Decomposition of the System

In this section, we assume hypotheses (H2.A), (H2.B), (H2.C) and (H2.D) to hold
true.

Consider v > 0 and let us introduce the projection operators P, as in (1.5) where
in this case I';" is a circle enclosing ;7 but no other point of the spectrum of A and
oriented counterclockwise (see [12, V.5, p.272]). Since A is a self-adjoint operator,
then P, is well defined. Moreover from the expression of the projections, it follows
that

(P)* =P}
Thus, P, is orthogonal projection of norm equal to 1. We set
HY=P/H, H, =dd-P,HH, H=H ®H,,
and
AV = Agr tHY > HY, AV = Ap- DA NH, — Hy.
We also define as before
Uf == B*H}, U, :=B*(D(A)NH,),
and

pf:U—-Uf p,:U—>U,, if:Uf—>U, i :U, -0,
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the orthogonal projections and the inclusion maps. Note that we have the following
relations for the above maps:

i =eD" iy =) 3.1

We can thus define
Bf := PfBi} € LU HY), B, :=1d-P)Bi, € L(U,,H,).
It is proved in [2] (see also [3] and [20]) that
PfB=BSpf, (1d-P/B=B,p,.
We introduce also the orthogonal projection Q; from Y into Y, = CH; and define
cH=cd,

where (] designates the injection operator from H to H. Consider now o* > o > 0.
We take v = o or v = ¢ in the maps and spaces defined previously. Since A is

self-adjoint with compact resolvent, we deduce the existence of ¢ > 0 such that for
allt > 0

leo | gy < e @F, 3.2)
and
||€A;'t||L(H;*) <e . (3.3)
The system (1.3) splits into
@h)' () = AL + Bl pfoo@), z5.(0) = P20 (3.4)
(z2;)(1) = ALz () + B, pr.v(®), z,.(0) = (Id — P20 (3.5)

3.2 Finite Dimensional Observer-Based Control and Stability of the Closed-Loop
System

We are now in position to prove Theorem 1.2. The matrices K and L7 being respec-
tively given by (2.11) and (2.15), we define the finite dimensional observer-based
feedback control by

v(t) = K Z.(t) € B*P,H C B*PLH, (3.6)

where the finite dimensional observer Z, € P;H solves

2.0 = ALZ.(0) + BEv(0) + LT QT (CLZ.(1) — y(1)),

Z.(0) = 0. 3.7)
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Our goal is to prove that the coupled system (1.3), (3.6) and (3.7) is exponentially
stable.
We define the error e = z;C —Z, which satisfies the following system

et) =Ale(t) + LEQF(Clet) + Cz,. (1)),

3.8
e(0) = . (0). (3.8)
We prove that Z and e are exponentially stable with decay rate —o. Let us set
’Z* 0 0
(2) ==(o)
Using (3.7) and (3.8), X satisfies the system
X'(t) = AX(7) + L(z,. (1)),
X(0) = X°, (3.9)
where
+ +r+  _1t+totcTt _1totCc,—
A= AU* + B(T*KG L LU Q+U ng* + L(Zit) — l;a Q+g CZ;(T* .
0 AL+ L;QOSC L o LyQ;Cz.
(3.10)

Let us first prove that A is stable matrix. In the sequel, the constant M is a generic
constant that can change from a line to another but need to be independent of o*.

Lemma 3.1 The matrices A:* + B;K(;" and A; + L} Q;*,'C+

o« are exponentially
stable with a decay rate less than —o.

Proof Let % € HY, be given. To prove that AT, + B, K} is exponentially stable, we
only need to show that the solution &(#) of the finite dimensional system

£'(t) = (AL, + BLKDE®),

£(0) = £° (3.11)
is exponentially decaying. Consider then the infinite dimensional system
£y — +
x'(t) =(A+ BKN)x(t), (.12)

x(0) = £9.

From Section 2.2, we see that the system (3.12) is exponentially stable of decay rate
—o — &/ It implies that

Ix(@) e < Me @+ €0 . (3.13)
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On the other hand, applying P;Z to (3.12) and recalling that K} x(¢) acts only on the
projected part of x(t) on H, we obtain that

(xF)' @) = AL+ BLK x(t) = (AL + BLKDHx @),

0 =€ G

This shows that x; () is the unique solution £(¢) of (3.11), and we get from (3.13),
that

IE@ I = xS Ol = I1PEx @ llm < Me )01y,

for all £ € HY,. Hence
+ o pt gt - '
e N

and the matrix Ai. + B;Q K} is exponentially stable with a decay rate less than
—o. We use the same argument for AT, + L} QFCY, by considering its adjoint
(A:*)* + (C:*)*(L;‘)* that has exactly the same form as the one previously studied.
O

Since A is a triangular matrix, using Lemma 3.1 and Duhamel’s formula, we obtain
that A is stable with exponential rate strictly less than —o. We can now prove the
exponential stability of the full closed-loop system (3.7) and (1.3):

X'(t) = AX(®) + L(z,. (1),

L oz Sy (3.15)
(z,:)' (1) = Az (t) + B p . KIX(1),

where KI = (K, 0) and with the initial conditions

X(0) = X°,
z2,.(0) = (Id — P}7)2°.

From Duhamel’s formula, the two first equations in (3.15) also read

X(s) = e*AX(0) + / Se“*f)AL(z;(r))dr,
0

_ ! _
2, () = "or2.(0) + / e (B p KIX(s5)) ds.
0

Substituting the first equation above into the second one yields
2. (1) = e 2.(0)

t _ s
n / A B p K <eSAX(O)+ / e“”%(z;(r))dr) ds.
0 0
(3.16)
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Setting

_ t -
20 = o1 (0) + / e (Brp K (¢4X(0))) ds,
0

relation (3.16) can be written
t ps _
() = f / I B pm K (e@—”AL(z;(r))drds)+ZO. (3.17)
0 JO

To prove the stability of z_., we prove the existence of a unique solution to (3.17) in
a weighted space by using a fixed point argument. More precisely, let us define the
following map

@ :LF(0,00,H_,) — L3(0,00; H )
t%ps _
g P(g) = / / 1794 B;*p;*K;re(Sfr)AL(g(r)) drds + Z°.
0 Jo
Then, equation (3.16) simply reads
CI) (ZU_") == Z;* .
First, we prove that the function & is well defined. Given g € L5°(0, oo; H_.).Since C
is bounded, LL is also bounded. Hence, using the definition of ®, (H2.B) (boundedness

of B), (3.3) (exponential decay of A_.) and the exponential decay of A, we obtain that
there exists ¢” > 0 such that

t Ky
19 ()l < M / / ¢ 1=90" =D HE) =10 470 o (1) 1 T dis
0 JO
t
+M HZOHHf e—(l‘—S)(T e—S(T ds+e—to’ ”ZO”H
0

Consequently
1Dl < I+ L+ e 1120]u, (3.18)

where we have set

t s
I = M/ e~ (1=9)07 =50 (/ e~ (5—0)e lle™ g ()l dr) ds,
0 0

t
L:=M Hzo H / e~ =507 o =50 g,
H Jo

Noticing that

$ " l o~/ 1
/ e 6T g = — [1 —e % ] < —,
0 8/ 8//
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we get that
$ ” 1
/(; e~ (5—0e le™ g(v)|lm dr < ?”g”Lg"(O,oo;H;*)’
and hence
e*lo‘ t N
I < Mgl e, /0 Si-9o—0") g
Since
t _ ,—tc*—0)
/ S0 —0") go 1—e < 1
0 (0*—o0) (0* —0)’
we have
Me—Ut
I < —8”(0‘* ) ||g||Lgo(0,oo;H;*) ,

and similarly

t —ot
I < Me™! ( / =) (@—0") ds> HZOH < Me” HZOH .
0 H (U* — O') H

Using the above estimates in (3.18), we get that

1
—ot 0 0
1) (1)1 < Me <8,, e L el HH> ,

and hence ®(g) € L°(0, co; H,).
Itremains to show that & is a contraction mapping. Given g1, g2 € Lg°(0, oo; H.),
the same calculations as above show that

M
P(g1) — Q(gz)IILgO(O,OO;H;*) < m llgr — gzIILgo(O,OO;H;*) .

The application & is thus a contraction provided that o* is chosen large enough to
ensure that

M

e’(c* — o)

<1. (3.19)

Then, applying the fixed point theorem we get that there exists a unique z_. €
L3 (0, co; H,) such that ®(z_,) = z_. and

lzge (D llm < Me™"

],
H
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Moreover, going back to the first equation in (3.15), and using Duhamel’s formula
again, we easily obtain that

IX(0) lmxm < Me™" |z

I
H

This completes the proof of Theorem 1.2.

4 Stabilization of the Reaction-Diffusion Equation by an Infinite
Dimensional Observer

In this section, we apply Theorem 1.1 for the stabilization of the heat equation. Let
QcRY (N > 1) be a bounded domain with smooth boundary. Let us consider I" a
non-empty open subset of 9€2 and the control problem:

0;z(t, x) — Az(t,x) —cz(t,x) = 01in (0, 00) x 2,
z(t,x) = v(t,x) on (0,00) x T,
z(t,x) =0 on (0, 00) x (2 \ ), “.1)
200,) =z"in Q,
y(t,x) = 1pz(t, x) in (0, 00) X €2,

where ¢ € L>®(2), O a non empty open subset of R, with O C . We assume that
20 e LX(Q).

In order to write (4.1) under the form (1.3), we introduce the following functional
setting:

H=L1%*%), U=L*D),
Az =Az+cz, D(A) = HX(Q) N HNR),

Y=L*0), C=1p, CelL(HY).

The operator (A, D(A)) generates an analytical semigroup with compact resolvent,
this is a direct consequence of [4, Theorem 2.12, p.115]. Thus (H1.A) is satisfied.
To define the control operator B, we use a standard method (see, for instance [24,
pp-341-343] or [19]): we first consider the lifting operator Dy € L(L*(3Q); L*())
such that forany v € L2(32), w = Dy is the unique solution of the following system

mow — Aw —cw =0 in Q,
w=v on 0%,
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where (o € p(A). Let us recall how we can reduce (4.1) to an evolution problem
(1.3). We set 7 = z — w, with w = Dgv. Then 7 is the weak solution of the system

87 — A7 — 7 = —d;w + pow in (0, 00) x L,
Z=0o0n (0, 0) x 982,
20,)=2:=z"—w(0,) in Q.

Using Duhamel’s formula, we have

t
7t) = 470 + / T —8,w(s) + pow(s)) ds.
0

By integrating by parts, we obtain

t
2(t) = 470 + / e (o 1d —A)w(s) ds. 4.2)
0

Remark 4.1 The above computations are valid only for smooth solutions. It is worth
noticing that formula (4.2) makes sense for v € L2(8 2). In fact, to handle the general
case, we refer to [24, pp.342] and the definition of weak solutions therein.

We get finally that the problem (4.1) can be rewritten as

Z(t) = Az(t) + Bv(t), t >0, z(0) = 7°,
y(@) = Cz(1),

with

B = (pold—A)Dg : U — (D(A")),
where we have extended the operator A as an operator from L?($2) into (D(A*))’ and
where we see U as a closed subspace of L?(92) (by extending by zero in 32 \ I any
v € U). Using standard results on elliptic equations, we have that B satisfies (H1.B)
for any y > 3/4 (see for instance [18, Theorem 2.6]). To apply Theorem 1.1, we only
need to check (H1.D). We recall that

D(A*) = HX(Q) N HH (), A* = A.

Moreover, by classical results (see [24, Proposition 10.6.7]), we see that
0 0
Df = ——(nold—A")"" = ——(uold—A)~",
av av

and thus

ae
v
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Thus if ¢ satisfies A*¢ = Ae and B*¢ = 0, then

re — Ae —ce =01n €,

e =0o0nog,
%:00111“.

The unique continuation property is a consequence of Holmgren’s uniqueness the-
orem (see [11, Theorem 3.5.1, p.125]), by using an extension of the domain. On the
other hand, if ¢ satisfies Ae = Ag and Ce = 0, then

re —Ae —ce =01in Q,
e =0o0nos2,
e=01inO.

Applying Holmgren’s theorem again, we obtain ¢ = 0. Thus (H1.D) holds for any o.
Now, we define the observer Z using Remark 2.3. Let us define N, by (2.10) and 7
the solution of the closed loop system

07— AT—cz= ZZN; (Lo@—2), w})y xi in (0, 00) x Q,
7= ZINZ"I (@, &)y wi on (0, 00) x T, 43)
7=0 on (0, 00) x AQ\ ),
72(0,) =0 in €2,

where (w)1<i<n, C Y, (xii<i<n, CH, Gi)i<i<n, C D(A*) and (w;)1<ign, C
U (see Eqgs. (2.15-2.16) and Remark 2.3). We deduce the following result by applying
Theorem 1.1:
Theorem 4.2 Assume o > 0. There exists a control
No
v() =Y ( / HO dx> wi, (4.4)
Q

i=1

with¢; € HZ(Q)OHOl (), w; € HY2(),i =1, ..., Ny suchthat the coupled system
(4.1) and (4.3) is exponentially stable that satisfies for 720 € L*(Q) the estimate

20 2@) < Ce™ " 112°l20)- 4.5)
Remark 4.3 In dimension 2, we can obtain the same result for the operator
Az =V-(bV2) +cz, D(A)=H*(Q)N H; (),

with b a positive-definite symmetric matrix of variable coefficients in L°°(£2), using
the unique continuation property from [1, Theorem 3.2].
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5 Stabilization of the Reaction-Diffusion Equation by a Finite
Dimensional Observer

Let Q be a domain of RY (N > 1) with smooth boundary. In this section, we apply
Theorem 1.2 to the following initial boundary value problem

9;z(t, x) — Az(t, x) — cz(t,x) = Lyv(t, x) in (0, 00) x 2,
z(t,x) =0 on (0, 00) x 092,
2(0,) =2° in Q,
y(t,x) = 1pz(t, x) in (0, 0) x £,

5.1)

where O and O’ are two non empty open sets such that O C € and O C Q. In this
case, we have

H=L*%), U=L*0O),
Az = Az+cz, D(A) = HX(Q) N HH(K).

The operator A is self-adjoint with compact resolvent, then in particular, we see that
(H2.A) holds true. Moreover,

B:U—-H, B=1py,
and
Y=L%*0), C:H—Y, C=1p.

We can check as the previous section that (H2.B), (H2.C) and (H2.D) are verified.
Let fix 0 > 0 and 6* > o. The hypothesis (H2.A) implies in particular that A is
diagonalizable. Hence

Hf = €P ker(A—11d), H} = @ ker(4 —11d).

resd rext,

The map P’ (resp. P;Z) is then the orthogonal projection on H (resp. H;ﬂ) spanned
by the eigenvectors associated to X (resp. Zi*).

Thus Aj; (resp. A:,) can be viewed as the endomorphism on H;r (resp. H;.)
associated to the diagonal matrix of eigenvalues X} (resp. Z;ﬁ).

We define the finite dimensional observer

No No
20 = ALLO+ Y G tdm Bhwi + Y _((CHLE = y).w))y xi.
i=1 i=1

Z(0) =0,
(5.2)
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where (w)1<i<n, C Y, (xidi<i<n, CH, (Gi)i<i<n, C D(A*) and (w;)1<ign, C
U are chosen as the previous section (see Egs. (2.15-2.16) and Remark 2.3).
Using Theorem 1.2, we deduce the following result:

Theorem 5.1 Let o > 0 and o* > o. There exists a control v based on 7, solution of
the system (5.2) where

No

v() =) ( / (0 dx) wi, (5.3)
Q

i=1

with & € HX(Q) N Hol(Q), w; € L*(O), i = 1,..., N, such that for o* large
enough, the coupled system (5.1) and (5.2) is exponentially stable that satisfies for
20 € L%(Q) the estimate

Izl L2y < Ce " 112° 120 - (5.4)

6 Conclusion

In this paper, we proposed a constructive method to stabilize a class of linear parabolic
evolution systems z/ = Az + Bv by means of a finite dimensional control v, under
the observation y = Cz. The control is based on the design of a Luenberger observer
which can be infinite dimensional or finite dimensional of dimension large enough
(under stronger assumptions). In both cases, we show that if (A, B) and (A, C) verify
the Fattorini-Hautus Criterion, then we can construct an observer-based control v of
finite dimension such that the closed-loop system is exponentially stable. The results
are applied to study the stabilization of the diffusion system with Dirichlet boundary
control and an internal observation. Possible future work is to implement this method
numerically for the example studied here, or for more involved examples related to
population dynamics, in the spirit of [16].
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